
Int. J. Solids Structures, 1974, Vol. 10, pp. 1003-1015. Pergamon Press. Printed in Gt. Britain.

FULLY PLASTIC CRACK IN AN INFINITE
BODY UNDER ANTI-PLANE SHEAR

JOHN C. AMAZ1GO

Department of Mathematics, Rensselaer Polytechnic Institute, Troy,
New York 12181, U.S.A.

(Received 26 December 1973; revised 15 February 1974)

Abstract-The problem of a semi-infinite body with an edge crack subjected to far out-of-plane
shear is solved by a transformation to a hodograph plane and the Wiener-Hopf technique.
The material stress-strain behavior is governed by a pure power hardening relation and the
results are valid for both deformation theory and flow theory of plasticity. Results are presented
for crack opening displacement, path independent J integral and crack tip singularities for all
finite values of the power hardening parameter.

1. INTRODUCTION

The path independent J integral derived independently by Eshelby[l] and Rice[2, 3] is
generally recognized as a useful parameter that characterizes the near crack tip field due to
stationary cracks in elastic media. More recent studies have demonstrated that this integral
provides not only an accurate characterization of the crack tip elastic-plastic field but also
a good elastic-plastic fracture criterion. Noteworthy among these studies are the analytic
and experimental results of Begley and Landes[4. 5] in which they propose Rice's J integral
as a failure criterion. Bucci et al.[6] and Rice et al.[7] have proposed estimation procedures
for J. These procedures involve the use of plastically adjusted linear elastic results in con
junction with limit load analysis. Also proposed is the estimation of J from experimentally
obtained single load vs point load displacement results.

In this paper, we solve analytically the problem of a crack in an infinite body subjected
to remotely applied anti-plane shear. The material stress-strain relation is governed by a
power hardening law[8]-that is the normalized strain is equal to the normalized stress
raised to some power. The results are therefore valid for fully plastic materials. Under the
loading considered the stress history is proportional everywhere for monotonically increased
loading and consequently the analysis is valid for both deformation theory and flow theory
of plasticity. Results are presented for J and crack opening for the full range of the power
hardening parameter that is from elastic to rigid-plastic materials. The problem for a finite
strip under shear loading is under investigation, however, we note that the plane strain
tensile loading of a strip has been solved by Goldman and Hutchinson[9] by the use of
finite element method.

2. FUNDAMENTAL EQUATIONS AND THE HODOGRAPH PLANE

We consider the semi-infinite body occupying the region x 2 -a, - 00 < y, Z < 00 (see
Fig. 1) with an edge crack of depth a represented geometrically by -a < x < 0, y = O. The
body is subjected to remotely applied shearing stress 'oc' By symmetry this problem is
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equivalent to the problem of the infinite body with a crack of width 2a subjected to the same
remote loading. The only nonvanishing displacement component is the z component
w(x,y). Consequently, the nonvanishing strain components are Yxz = ow(ox and Yyz = ow(oy.
For small deformation and isotropic material, the corresponding stresses 'xz and 'yz are the
only nonzero stress components. If we introduce the notation Yx = Yxz' Yy = Yyz. 'x = 'xz
and 'y = 'yz then the compatibility and equilibrium equations reduce respectively to

(1)

and

(2)

We consider a pure power hardening stress-strain relation given by

(3)

where ex. is a nondimensional constant, Yo and '0 are reference principal strain and stress
respectively, and n is the power hardening parameter. The principal stress and strain are

(4)

It is clear that because of the relation (3) the governing equation for w is also nonlinear,
however, the problem can be reduced to a linear problem by the hodograph transformation.
In this transformation the roles of the dependent variables (Yx' yy) and independent variables
(x, y) are interchanged using implfcit function theory. The transformation maps the physical
plane in Fig. I onto the strain or hodograph plane shown in Fig. 2. The hodograph trans
formation was used by Rice[IO] to obtain a perturbation solution for the same problem for
elastic-plastic materials. Details of the subsequent derivation are contained in this reference.
Neuber[ll] used a stress hodograph plane to analyze the doublenotched problem.

The application of this transformation to the compatability and equilibrium equations
gives

(5)
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and

oxjorx + oyjory = O.

Equation (5) implies the existence of a scalar potential function ljJ such that

x = V'yl{!

1005

(6)

(7)

(8)

where x is the position vector and V'y is the gradient operator with respect to the strain
vector "( = (Yx, ')Iy). Further use of implicit function theory to relate differentiation with
respect to r x , ry to differentiation with respect to Yx' yy using (3) leads to the following linear
partial differential equation

o2ljJ o2l{! n - 1 [ 2 o2l{! o2ljJ 2 02l{!]
:12 +~ +-- Yx ;;--2 +2yxYy~ + yy ~ = O.
UYx U')ly ')I UYx UYx UYy UYy

One boundary condition is that x = -a on AB and DE in Fig. 1 and this corresponds to

ol{!joyx = -a for Yx = O. (9)

where Yoo is the corresponding remotely applied strain. The other boundary condition is that
y =0+, -a < x < 0 on BC and DC and this leads to

ol{!joyy =0 for yy = O.

It is convenient to introduce the nondimensional quantities

(10)

(11)

and a polar coordinate system (p, ¢) such that

yxjyoc = -p sin ¢,

and (12)
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The differential equation (8) and boundary conditions (9) and (10) become

1 1
n'¥, pp + -'¥, p + -2' 'fl. ¢¢ = 0,

p p
p >0,

n n
--<¢<-2 2

(13)

'fI, ¢ =0,

'fI, ¢ = p,

n
A.. = +_,
'I' - 2

¢ =O±,

p>O

O<p<l

(14)

(15)

where a comma subscript denotes partial derivative with respect to subsequent subscript(s).

3. WIENER-HOPF PROBLEM

The problem consisting of equations (3)-( 15) can be analyzed by a method which as
noted in [12] was developed by Carleman but is generally referred to as the Wiener-Hopf
technique, In order to apply integral transform we need the behavior of '¥ as p -+ 0 and
p -+ 00.

By using equation (2) the relation (7) can be expressed in complex variable form as

-x(a + iy(a = exp( -i¢)(tjJ, ¢!p + itjJ, p).

Now asy-+O+ and x-+-a

'fI, p -+ sin ¢,
and

'fI, ¢ -+ p cos ¢ as p -+ 0

thus, '¥ is bounded as p -+ O.
For p -+ 00 we seek a solution to (3) and (4) of the form

'fI ~ H(n, ¢ )pp.

Substituting for '¥ in equations (13) and (14) leads to

p = [1 - l(n ±{O - l(n)2 + (2K + 1)2(n}1/2J!2

( 16)

(7)

(8)

where K is an integer. Since 'fI must be bounded as p -+ 00, the maximum negative value ofp

must be chosen. This value is p = -lin. Thus,

'fI -+ p - J In as p -+ 00.

We note that this leads to precisely the same singular behavior

)'-+(x2 +y2y-(nI2(n+l))

near the crack tip derived by Neuber[ll] and Rice[IO].
Now we introduce the Mellin transform 'P of 'fI defined by

'P(s. ¢) = f'" pS-l'¥(p, ¢) dp.
o

(19)

(20)

By (13) this transform satisfies the equation

'P, ¢¢ + w 2 (s)'P = 0, 0< Re s < l(n (21)

where
w 2 (s) = s[n(s + 1) - 1], (22)
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and Re s denotes the real part of 8. The strip 0 < Re 8 < ~ of validity of the transform (21)
n

follows from the behavior of'P as p -+ 0, r:IJ given in the relations (17) and (19). The Mellin
transform of (15) is

_ 1
'P, ¢(8, 0) = -- + ii(s),

s + 1
Res> (23)

where u is the transform of

(25)

(24)

0< Res < lIn

O<p<l
p> 1.

\fI(s, 4»

u(p) = {~, <f;(p,O)

For ¢ > 0 the solution of (2l) and (23) is

[
1 _ ]COS[W(S)(<f; nI2»)

--+u(s) . ,
s + I w(s)sm nw(s)/2

and for <f; < 0,

\fI(s, -4» = -\p(s, ¢).

Define

(26)

(27)0< Res < lin

where 'P(s, 0" ) = lim._o 'P(s. t) for € > O. Substituting this definition into equation (25) gives

tg(s) = [s ~ I + U(S)]P(S),

where

peS)
I 'It.w- (s)cot

2
roes). (28)

We note that since 'P must be continuous across the line </J =0, p > 1 the inverse transform
g(p) of g(s) must vanish for p > I hence like u(p), g(p) is a half-known function. Further
more, since u(p) -+ p -lin as p -+ 00 and g(p) is bounded as p -+ 0 then u(s) is analytic for
Re s < lin and fits) is analytic for Re s > O. Let us denote functions that are analytic in the
left half plane Re 8 < I In by a subscript - and let a subscript + denote functions that are
analytic for Re s > O. With this notation equation (27) becomes

0< Re s < lin. (29)

Equation (29) is now in the standard form for the application of the Wiener-Hopftechnique
(see, e.g. [12, 13]).

4. SOLUTION OF THE WIENER-HOPI' EQUATION

The technique requires that pes) be decomposed into the quotient

pes) =N _{n, s)/D+(n, s) (30)

where N _en, s) has no poles or zeros for Re s < lin and D+(n, s) has no poles or zeros for
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Re s> O. It is noteworthy that although w(s) has branch points p(s) does not. The de
composition is readily accomplished by expressing the trigonometric functions in (28) in
infinite product series.

Now, as given in [12],

n 00 [ W
2
(S)]cos -2 w(s) = Il 1 - 2 •

k=l (2k - 1)

Unless otherwise specified k ranges over all positive integers for all subsequent product
series. An explicit separation of the terms leading to zeros in the respective half planes
Re s > 0 and Re s < lin gives

n + _
cos 2" w(s) = ll(Y2k-l - 02k-l s)exp(02k-lS)

where
(31)

and
s = s + (n - I)/2n, (32)

0< Re s < l/n. (35)

Y; = n 1
/
2{Iln - 1 ± [(1 - I/n)2 + 4m2InF/2}/2m.

The exponential products are introduced to render each series in (31) uniformly convergent
[14]. Use has been made of the asymptotic behavior of Ym as m -+ CIJ; namely,

Y; = ± [I -~J~'~ +0(m-
2

)]- (33)

Thus, the desired decomposition ofp(s) is accomplished by setting

N _en, s) B(n, S)ll(ytk-l - o2k-ls)exp(02k-ls)lll(ytk - 02ks)exp(02kS) (34)

and

D+(n, s) = nns(s + 1 - I/n)B(n, S)ll(02kS - Y2k)exp( -o2kS)/

2ll(02k-IS - Y2k-l)exp( -02k-tS)

where B(n, s) is an arbitrary function which will be chosen so that N _ and D+ have algebraic
behavior as lsi -+ CIJ in the appropriate half-planes. The substitution of the quotient (30)
for p(s) in (29) gives

!- il+(s)D+(n, s) = (s ~ 1) + N _(n, s) + iL(s)N _(n, s), 0< Re s < lin.

Now the first term on the right hand side of this equation can straightforwardly be de
composed into a sum. One such decomposition leads to

!-il +(s) D+(n, s) -1''''-(n, -1)/(s + 1)
= [N _en, s) - N _en, -I)]/(s + 1) + iL(s)N _en, s),

Since the left hand side of equation (35) is analytic, in the right half plane Re s > 0 and the
right hand side is analytic in the left hand plane Re s < lin and these are equal on a strip
0< Re s < lin each must be an analytic continuation of the other. Thus, each side rep
resents the same entire function £(s), say.
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In order to determine £(s) we need the asymptotic behavior of the functions iL(s),
ii+(s), N_(n, s) and D+(n, s) as isl'""* 00.

Consider the asymptotic behavior of N _en, s) as lsi -+ 00, Re s < lin. We compare the
behavior of N _(n, s){B(n, s) as lsi -+ 00 with that of

Now

N _(n, s) = f1 )lZk-l - aZk - 1s f1 )12k - aZk s

B(n,s)M(s) l-aZk-l,s l-azk ,s

= ll[1 + j1zk - 1(s)]n[1 + PZk(S)]

(36)

(37)

where Pm = (Yzk-l I + (n - l)aZk-l/2n)/O - aU-iS)' Thus for Re s < lin and as a
consequence of (33) IPm(s)! < (constant)m- 2. Hence each series in (37) converges uniformly
and since lims~", Pm(s) = 0 then

1
, N_(n,s).. I
1m B ) ) = 1 lor Re s < 1 n.

$-~'" (n, s M(s

But Al(s) is expressible in terms of y functions with well-known asymptotic behavior. Thus

N jn, s) ""' (_ns/2)112n l/42NnB(n, s) as Isl-+ 00,

Consequently, the proper choice of B(n, s) is

B(n, s) = 2-sv'n,

and

Res < lIn.

(38)

Similarly,

(39)

Res> O. (40)

Now we consider the asymptotic behavior of iL(s) and ii +(s). This behavior is dominated
by the nature ofu(p) and g(p) as p -+ 1± . This necessitates the study of'P in the neighborhood
of p = 1. Introduce the new variables ~ and 11 defined by

(41)

The partial differential equation (8) and boundary conditions (9) become

'P m n-l 2 2
n , ~~ + T, qq + 1 R 'P~~ + 2~(11 + 1)'I'~q + (11 + 1) 'l'qq] = 0

_~2 + ('1 + 1)2
n

and

(42)

(43)
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(44)

It is convenient to introduce polar coordinates ('1' 13) through the relations

e= -'1 sin 13
11 = '1 cos 13·

For behavior of'¥ in the neighborhood of p = 1 (i.e. '1 = 0), an appropriate expansion of
'¥ is

(45)

(46)

whereupon substitution into (42) and equating power of'l the following differential equa
tions are obtained for 91' 9z:

9" + t91 = 0

9'2 + 9z = 0

where prime denotes differentiation with respect to the argument. The corresponding
boundary conditions are

Res<lln

9~(± n) = 0
9;(± n) = _n- 1/ Z•

The solutions to the boundary value problems are

91 = C1 sin(f3I2)

9z = n- 1
/

Z sin 13

where C1 is an arbitrary constant. Thus as '1 --+ 0

'¥ '" Cl'~/Z sin 1312 + n- 1
/
Z sin f3Yl.

From this result and the relations (44), (41) and (12) it follows that

u(p) '" (constant)(p - 1) -l/Z as p --+ 1+

and

9(P) '" (constant)(1 - p)l/Z as p --+ 1-.

Hence by Watson's lemma[12]

u_(s) --+ (_S)l/Z as lsi --+ 00,

and

(47)

(48)

(49)

Res> O. (50)

Now from the asymptotic relations (49), (50), (39) and (40) we conclude that the entire
function E(s) is bounded as Is I .... 00, and hence by Liouville's theorem it must be a constant
K(n), say. Thus, from (35)

where

1 _) F(n, s)
--+u (s =----
s+1 - (s+I)N_(n,s)

F(n, s) = N _en, -1) + (s + I)K(n).

(51)

(52)
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(53)0< c < lin.

Substituting the result (51) in equation (25) and invoking the inversion formula for the
Mellin transform gives

I 1C
+

iOO
-s F(n, s)cos[w(s)(¢ - nI2)] d

\P(p, ¢) = -. p s
2m c-ioo ) ). n )(s + I)N _en, s w(s sm 2w(s

We now apply the theory of residues to the evaluation of this integral. The integrand has
simple poles forn# 1,00 at s=O, -I + lin, -I, 2mY2mn-1/2 and (2m-I)Yim_ln-I/2,

m = 1,2, .... By Jordan's lemma, for p > I we close the contour by a large semicircle in the
half plane Re s > 0 along which the integrand is small. Similarly, for p < I the contour is
appropriately closed in the half plane Re s < O. It follows from residue theorem that

O<p<1

\P(p, ¢) =

2F(n, 0) 2nF(n, -I + lin) 1-1/ .--__.,---.".,- + p n + p sm ¢
n(n - I)N _en, 0) n(n - I)N _en, -I + lin)

I ~ F(n, bm ) -b 2 -/,.+ - L... , P m cos m.,."
n m= 1 m(1 + bm)N _en, bm)w (bm)

(54)

p>1

where

Cm = (2m - l)yim_ln-1/2, em = Cm + (n - 1)/2n

and bm = 2mY;;'n- I /2 and Y; are given by equation (32). There remains only the unknown
K(n) contained in the expression for F(n, s). This constant is determined by imposing the
condition (17). For \Pp to be bounded as p ~ 0 F(n, - I + lin) must vanish; hence

K(n) = -nN _en, -I) (55)

and consequently,

F(n, s) = N _en, -1)[1 - n(s + I)]. (56)

The combination of equations (54) and (16) provides a complete solution to the problem.

5. J INTEGRAL AND CRACK OPENING DISPLACEMENT

We compute here the path independent J integral [2] given by

J = I
r

[ W dy - T· :: dS] (57)

where r is any simple contour in the xy-plane, W is the strain energy density, T is the
stress vector acting on the outer side of rand u is the displacement vector. For the mode of
loading considered here (57) can be reduced to

aT yl+1/n iJ2 n/2
J = - 0 00 np2+1/n - I \P sin ¢ d-/".

(ay )1/n Op2 .,.,o -n/2
(58)
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(59)

n(Y;k - 2k~~)exP«n + 1){4kJn)

1 . (60)

---J-)exp«n + 1){2(2k + l)J~)
(2k + 1) n

'¥--'Q(n)p-l/nsincj> as p--.oo
Now from (54)

where

Although the asymptotic result (59) is valid for all n ± 00, its region of validity decreases
as n increases since other terms in (54) become increasingly significant in comparison to (59).

Substitution of (54) or (59) into (58) and performing the elementary manipulation gives

J = -narro Yoo Q(n)(n + 1){2n.

The elimination of roo using (3) gives the equivalent result

J = -naroYoo:- 1/n(Yoo{Yo),n+l)/nQ(n)(n + 1){2n,

(61)

(62)

(63)

J is computed by evaluating the infinite product series using double precision arithmetic.
The results which are accurate to five significant figures are exhibited in Table 1 and pre
sented graphically in Fig. 3. Although we were unable to prove the following behavior of J,

J
-- ~ (n{2)3/2nl/2 as n --. 00
ar ro }',,,,

nevertheless because of the importance of such a formula we present it here and compare it
graphically with the exact value in Fig. 3.
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Fig. 3.
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Table 1

J 8

n (Yoo) n + 1 ayo(~:)Toyoaoc- 1/n yo -n-

1·0 1·5708 OOסס·2

1·5 1·9389 2·3338
2·0 2·2709 2·6444
3·0 2-8638 3·2090
5·0 3-8654 4·1748

10·0 5·7878 6·0445
20·0 8·5240 8·7267
30·0 13-865 14·008
50·0 19·802 19·915

100·0 630182 630370

The crack opening displacement i5 is defined by

i5 = w(x = -a, y = 0+) - w(x = -a, y = 0-).

1013

(64)

From I'x = ow/ax, I'y = ow/oy and the relation (7) it follows that

w =y·VyljJ -1jJ +const (65)

which is a Legendre transformation. Substituting for IjJ in (65) using (54) and (11) leads to

14.0

120

10.0

8.0

4N _en, -1)

nN _en, 0)
(66)

col&,!' 6.0

•

4.0

2.0

1.0

lJSS Vol. 10 No. 9-F

0.0 L,----::-":--..L-----l-_-'-_---'
0.0 0.2 04 0.6 0.8

Fig. 4.
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This expression was evaluated numerically and the results are given in Table I and dis
played in Fig. 4. As for the J integral the behavior of <5 as n -+ 00 is represented by the
unproven formula

b
-::::0 (n/2)3/2n l/2. (67)
ay",

In Fig. 5 the dependence ofJj[ro Yo a(bjayoyn+ I Ilnl] on n is given. Thus, a knowledge of the
power hardening parameter n and the crack opening displacement is sufficient for the
determination of J integral. Such a relation may prove very useful in light of the recent
experimental and analytic estimation procedures[4, 6, 7] for J.

1.0

O,B

Ilc
,.,.-....,.
t4~

o,s
"') ---......-

",.,
0 0,4J..l

0,2

°<?,1.:-0----,,0""2:---0::',4:---..;;0,S::---::::0,':::'B--:'1.0

Fig. 5.

The stress, strain and displacement fields in the neighborhood of the crack can be cal
culated in terms ofJ using the asymptotic result (59). Let (r, 8) be polar coordinates centered
at the crack tip in the physical xy-plane (see Fig. 1) then using a notation suggested by Rice

{Yxz} = [U h(8)J
n
/(n+ll{-Sin ¢} (68)

yyz nr1r cos ¢

and

2J [2J J- 1
/(n+1)

W = - - h(B) sin ¢
nr1 nr1r

where

rt = ro(ayo)-l/n,

(
n 1) sin 2¢

2¢ = 8 + arc sin n: 1 sin 8, h(8) = 2 sin 8 .

The expression for the stress is omitted since it is readily obtained by using (3). The nature
of the behavior in (66) was noted by Hilton and Hutchinson[15]. Here, however, the near
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crack tip fields are expressed in terms of Rice's J integral. For n = 1 the results (62), (66) and
(68) reduce to the well-known results for elastic material; namely,

J = 'TtToYoarx- 1(YaJ"ro)2/2, c5 = 2ayo(Y(J.)/Yo),
and

(
!xz) Klll (-Sin 8(2) 1/2= with KIll = !oo(na) .
!yz (2nr )1/2 cos 6/2
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A6cTpaKT - PewaeTcSl 3aJJ;a'la IIo.llY6eCKOHe'lHoro TeJIa c TpeIl\HHOH Ha KpalO, rrOJJ;Bep)l(eHHOrO
JJ;eHCTBHIO yJJ;aJIeHHoro IIJIOCKOrO CJJ;BHra, ITyTeM rrpe06pa30BaHHSI K rrJIOCKOCTH rOJJ;orpa$a H
MeTOJJ;OM BHHepa XOH$a. OrrpeJJ;eJISleTCSl rrOBeJJ;eHHe HarrpJi)l(eHHSI H JJ;e$opMaI.\HH MaTepHaJIa
rrocpeJJ;CTBOM 3aBHCHMOCTH JJ;JISI 'IHCTOrO yrrpo'lHeHHJi MOIl\HOCTH. Pe3YJIbTaTbI Ba)l(HbI KaK
JJ;JIJi TeopHH JJ;e$opMau:HH, TaK H JJ;JIJi TeopHH TeKy'lecTH rrJIaCTH'IHOCTH. L!,alOTcli pe3YJIbTaTbI
,!IJISI rrepeMeIl\eHHil: Ha'laJIa TpeIl\HHbI, He3aBHCHMoro OT TpaeKTopHH HHTerpaJIa Paiica 'II.

cHHryJIJipHOcTeil: KOHI.\a TpeIl\HHbI, ,!IJIJi Bcex ICOHe'IHbIX 3Ha'leHHH rrapaMeTpa yrrp0'lHeHHSI
MOIl\HOCTH.


